ABSTRACT. An old conjecture of Voisin describes how 0-cycles of a surface S should behave when pulled-back to the self-product S m for m > p g (S). We exhibit some surfaces with large p g that verify Voisin's conjecture.
INTRODUCTION
Let X be a smooth projective variety over C, and let A i (X) Z := CH i (X) denote the Chow groups of X (i.e. the groups of codimension i algebraic cycles on X with Z-coefficients, modulo rational equivalence [22] ). Let A i hom (X) Z (and A i AJ (X) Z ) denote the subgroup of homologically trivial (resp. Abel-Jacobi trivial) cycles.
The Bloch-Beilinson-Murre conjectures present a beautiful and coherent dream-world in which Chow groups are determined by cohomology and the coniveau filtration [29] , [30] , [47] , [32] , [48] , [64] . The following particular instance of this dream-world was first formulated by Voisin: Conjecture 1.1 (Voisin 1993 [63] ). Let S be a smooth projective surface. Let m be an integer larger than the geometric genus p g (S). Then for any 0-cycles a 1 , . . . , a m ∈ A (Here S m is the symmetric group on m elements, and sgn(σ) is the sign of the permutation σ.)
For surfaces of geometric genus 0, Conjecture 1.1 reduces to Bloch's conjecture [9] . For surfaces S of geometric genus 1, Conjecture 1.1 takes on a particularly simple form: in this case, the conjecture stipulates that any a 1 , a 2 ∈ A 2 AJ (S) Z should verify the equality a 1 × a 2 = a 2 × a 1 in A 4 (S × S) Z .
flavour: Chow groups of a surface S should have controlled behaviour when pulled-back to the self-product S m , for large m. The difference between Voisin's conjecture and Kimura's conjecture lies in the index m which is much lower in Voisin's conjecture. In fact (as explained in [8] ), Voisin's conjecture follows from a combination of Kimura's conjecture with a strong form of the generalized Hodge conjecture.
The goal of the present note is to collect some (easy) examples of surfaces with geometric genus larger than 1 verifying Voisin's conjecture. (ii) the hypersurfaces S ⊂ A/ι considered in [44] , where A is an abelian threefold and ι is the −1-involution (p g (S) = 3); (iii) minimal surfaces S of general type with p g (S) = q(S) = 3 and K A by-product of the proof is that these surfaces all have finite-dimensional motive, in the sense of Kimura [32] (this appears to be a new observation for cases (vi)-(viii)). Also, certain instances of the generalized Hodge conjecture are verified:
Corollary (=Corollary 2.7). Let S be any of the above surfaces, and let m > p g (S). Then the sub-Hodge structure
is supported on a divisor.
The surfaces considered in this note have an interesting feature in common (which makes it easy to prove Conjecture 1.1 for them): for many of them, intersection product induces a surjection
In the other cases (cases (ii), (iv), (vi)-(viii), which have q(S) = 0), the surface S is dominated by a surface T with the property that the intersection product map
Using this feature, to prove Conjecture 1.1 for these surfaces one is reduced to a problem concerning 0-cycles on abelian varieties. This last problem has recently been solved by Vial [61] , using a strong version of the generalized Hodge conjecture for generic abelian varieties.
Conventions. In this note, the word variety will refer to a reduced irreducible scheme of finite type over C. A subvariety is a (possibly reducible) reduced subscheme which is equidimensional.
Unless indicated otherwise, all Chow groups will be with rational coefficients: we will denote by A j (X) the Chow group of j-dimensional cycles on X with Q-coefficients (and by A j (X) Z the Chow groups with Z-coefficients); for X smooth of dimension n the notations A j (X) and A n−j (X) are used interchangeably. The notations A j hom (X), A j AJ (X) will be used to indicate the subgroups of homologically trivial, resp. Abel-Jacobi trivial cycles. The contravariant category of Chow motives (i.e., pure motives with respect to rational equivalence as in [57] , [48] ) will be denoted M rat .
We will write H j (X) to indicate singular cohomology H j (X, Q). 
GENERALIZED BURNIAT TYPE SURFACES WITH
(Here A * ( * ) (A) refers to Beauville's decomposition [5] .) (ii) Intersection product induces a surjection
Part (ii) follows from (i), in view of the fact that intersection product induces a surjection Proof. Let α : S → A := Alb(S) be the Albanese map. There is a commutative diagram Next, let us consider Conjecture 1.1 for S. Thanks to Rojtman's result [55] , it suffices to establish Conjecture 1.1 for 0-cycles with Q-coefficients. Because α
is surjective, to prove Conjecture 1.1 for S it suffices to prove (a version of) Conjecture 1.1 for
. . , m , be 0-cycles, where q := q(S) is the dimension of A and h ∈ A 1 (A) is a symmetric ample divisor. Let us consider the S m -invariant ample divisor
From Künnemann's hard Lefschetz result [33] , we know that the map
is an isomorphism. On the other hand,
(since intersecting A 2 (A) with a power h r , r > q − 2 gives 0). We are thus reduced to proving that for any c 1 ,
, there is equality
At this point, we can invoke the following general result on 0-cycles on abelian varieties to conclude:
Theorem 2.5 (Vial [61] ). Let A be an abelian variety of dimension g, and let c 1 ,
If k is even and m > g k
, there is vanishing
If k is odd and m > g k , there is vanishing
Proof. This is [61, 
Proof. This follows from Proposition 2.4, in view of Theorem 2.3 plus the fact that q(S) = p g (S) = 3.
We recall that the truth of Conjecture 1.1 implies a certain instance of the generalized Hodge conjecture:
Corollary 2.7. Let S be a surface verifying Conjecture 1.1, and let m > p g (S). Then the subHodge structure
Proof. This is already observed in [63] . Consider the Chow motive ∧ m h 2 (S) defined by the idempotent
Conjecture 1.1 is equivalent to saying that A 0 (∧ m h 2 (S)) = 0. Applying the Bloch-Srinivas argument [10] to Γ, one obtains a rational equivalence
where γ is a cycle supported on S m × D for some divisor D ⊂ S m . On the other hand, Γ acts on
A CRITERION
The approach of the last section can be conveniently rephrased as follows:
Proposition 3.1. Let S be a smooth projective surface. Assume that S has finite-dimensional motive, and that cup product induces an isomorphism
Then Conjecture 1.1 is true for S.
Proof. Surjectivity of C, combined with finite-dimensionality of the motive of S, ensures that intersection product induces a surjection [39] . The assumption that C is an isomorphism implies that p g (S) = q(S) 2
. The result now follows from Proposition 2.4.
This takes care of two more cases announced in the introduction: Proof. In case (i), it is known that S is the symmetric square S = C (2) where C is a genus 3 curve [11] (cf. also [3, Theorem 9] ). Thus, the assumptions of Proposition 3.1 are clearly satisfied.
As for case (ii), it is well-known this satisfies the assumptions of Proposition 3.1 (finitedimensionality is proven in [20] and [41] ). Alternatively, one could apply Proposition 2.4 directly (the assumption of Proposition 2.4 is satisfied by the Fano surface thanks to [9] ; an alternative proof is sketched in [58, Remark 20.8]).
A VARIANT CRITERION
Let us now state a variant version of Proposition 2.4: Proposition 4.1. Let S be a smooth projective surface. Assume that S = S ′ / < ι >, where ι is an automorphism of a surface S ′ such that intersection product induces a surjection
Then S has finite-dimensional motive. Also, Conjecture 1.1 is true for S with m >
the full Conjecture 1.1 is true for S.)
Proof. This is proven just as Proposition 2.4. This takes care of several more cases announced in the introduction:
Corollary 4.2. Conjecture 1.1 is true for the following surfaces: (i) surfaces S = T / < ι >, where T is a smooth divisor in the linear system |2Θ| on a principally polarized abelian threefold, and ι is the (−1)-involution (p g (S) = 3); (ii) the quotient S = F/ι, where F is the Fano surface of conics in a general Verra threefold and ι is a certain involution (p g (S) = 36); (iii) the surface of bitangents S of a general quartic in P 3 (p g (S) = 45); (iv) the surface S that is the singular locus of a general EPW sextic (p g (S) = 45).
Proof. (iii) More generally, one may consider the surface S studied by Welters [65] and defined as follows. Let Y be a quartic double solid, i.e. Y → P 3 is a double cover branched along a smooth quartic Q. Let T be the surface of conics contained in Y , and let ι ∈ Aut(T ) be the involution induced by the covering involution of Y . Then the surface S := T / < ι > is a smooth surface of general type with p g (S) = 45.
(The generic quartic K3 surface Q does not contain a line. In this case, as explained in [21] (cf. also [6, Example 3.5] and [23, Remark 8.5] ), the surface S is (isomorphic to) the so-called "surface of bitangents", which is the fixed locus of Beauville's anti-symplectic involution
first considered in [4] . (ii) A Verra threefold Y is a divisor of bidegree (2, 2) in P 2 × P 2 (these varieties were introduced in [59] ). Let F be the Fano surface of conics of bidegree (1, 1) contained in Y . As observed in [28, Section 5] , F admits an involution ι such that (F, ι) enters into the set-up of Voisin's work [62] . Thus, [62, Corollaire 3.2(b)] implies that intersection product induces a surjection (iv) Let Y be a transverse intersection of the Grassmannian Gr(2, 5) ⊂ P 9 with a codimension 2 linear subspace and a quadric (i.e., Y is an ordinary Gushel-Mukai threefold, in the language of [15] , [16] ). For generic Y , the surface F of conics contained in Y is smooth and irreducible. There exists a birational involution ι ∈ Bir(F ), such that intersection product induces a surjection
4]) that intersection product induces a surjection
The surface F and the birational involution ι are also studied in [46] and [12] . There exists a (geometrically meaningful) birational morphism F → F m , where F m is smooth and such that ι extends to a morphism ι m on F m [46] , [12, Section 6] , [27, Section 5.1]. For Y generic, the quotient S := F m / < ι m > is smooth, and it is isomorphic to the singular locus of the EPW sextic associated to Y . (This is contained in [46] , [12] . The double cover F m → S is also described in [17, Theorem 5 
AJ () are birational invariants among smooth varieties, Voisin's result implies there is also a surjection
. It is known that q(F m ) = 10 [46] and p g (S) = 45 [50] (this can also be deduced from [6] ), and so Proposition 4.1 applies.
Remark 4.3. In cases (ii), (iii) and (iv) of Corollary 4.2, the surface S is the fixed locus of an anti-symplectic involution of a hyperkähler fourfold. For the surface of bitangents, this is
Beauville's involution on the Hilbert square Q [2] . [28] 
For the singular locus S of a general EPW sextic, this is (isomorphic to) the fixed locus of the anti-symplectic involution of the associated double EPW sextic. For the surface S of (ii), this is the anti-symplectic involution of the "double EPW quartic" (double EPW quartics form a 19-dimensional family of hyperkähler fourfolds, introduced in
Proof. A first part of the argument works for arbitrary smooth cubic surfaces Y ; only in the last step will we use that Y is of a specific type. Let us assume Y ⊂ P 3 is any smooth cubic, defined by a cubic polynomial f (x 0 , . . . , x 3 ). Let Z ⊂ P 4 be the smooth cubic threefold defined by Since g ∈ Gal(ρ) and σ ∈ S m are homomorphisms of abelian varieties, and the π 8 A are symmetrically distinguished (in the sense of O'Sullivan [52] ) and generically defined (in the sense of Vial [61] ), the correspondence Γ is in the sub-algebra generated by symmetric divisors [61, Proposition 3.11] . In particular, the correspondence Γ is symmetrically distinguished, and so (since it is idempotent in cohomology) idempotent.
The correspondence t Γ acts on cohomology as projector on 
